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COMPARATIVE STUDY OF RESULTS OBTAINED BY ANALYTICAL
AND EXPERIMENTAL STRESS ANALYSIS FOR
CIRCULAR PERFORATED PLATE (U)
by Edward R. Hersman, William A. Bevevino, and Peter W. Verbulecz

Lewis Research Center

SUMMARY

The reactor support plate is a primary structural member of the nuclear rocket re-
actor, and the work reported herein was conducted to determine the degree of accuracy
of presently available design methods when used to predict the mechanical behavior of the
reactor support plate. The reactor support plate was centrally loaded, and strains were
measured at various locations on the plate. The experiment was conducted for one magni-
tude of load only, and the experimental strains were compared with strains calculated by
presently available analytical methods. The two methods of analysis used to calculate
the strain levels in the plate were a ligament-efficiency method based on geometry change
and a materials-property-change method.

The calculated strains, when compared with those measured, indicated that the
ligament-efficiency method more closely approximated the experimental results than the
materials-property-change method. At a radial distance of 10 inches and for the case
neglecting friction at the supports the ligament-efficiency method gave tangential strains
approximately 50 microinches per inch (22 percent) greater than the measured strains,
whereas the materials-property-change me thod gave tangential strains approximately
150 microinches per inch (67 percent) greater than the measured strains. At a radial
distance of 8 inches, the calculated strains differed from the measured strains by as
much as 91 percent,

INTRODUCTION

The analytical and experimental work contained herein was undertaken as part of an
overall reactor structures program. A nuclear rocket consists of many components, and
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the reactor components are interlocked in such-a fashion that, if load is applied on any
one component, there is an effect, to a variable degree, on all other components in the
system. System stress analysis of a structure such as a nuclear rocket reactor requires
the simultaneous evaluation of each component under its individual load profile, together
with loads or constraints which may be transferred to it from adjacent components. The
values of loads or constraints as imposed by neighboring components are generally of a
statically indeterminate nature and can be obtained only through the solution of a large
matrix. This matrix frequently consists of equations which express the fact that all loads
on each component must be in equilibrium and that certain relations regarding motion
must be maintained at points where the components are in conjunction.

The core support plate is a primary structural member of a nuclear rocket reactor.
The loads imposed on this plate consist of those due to pressure drop, to temperature
distribution, and to the neighboring components; the loads due to the neighboring compo-
nents are statically indeterminate. The thermal loading, resulting from temperature
distribution, was not considered in this work, since once the behavior of the reactor core
under ambient pressure loads has been established and can be predicted, then the thermal
effects can be considered. The true stress and displacement of the plate can be obtained,
provided that analytical methods which are capable of determining these quantities under
all possible reactor load conditions are available. The analysis and experiment reported
herein was conducted to determine the feasibility of using analytical methods which are
presently available for accurately evaluating stress and strain in a plate of this type.

Perforated circular plates (tube sheets) are widely used in heat exchangers, and
practically all past experimental and analytical endeavors have used tube sheets as
models. Tube sheets are generally perforated with holes of equal diameter, which are
so located that their centers form equilateral triangles. Being somewhat empirical by
nature, the analytical stress methods which were developed for tube sheets are highly
restrictive and cannot accurately be used for plates perforated with nonuniform diameter
holes or where the pitch between the holes is a variable.

The test and the analysis reported herein were made to determine the degree of
accuracy of presently available design methods and to provide a basis for new analytical
methods. Generally, the test consists of loading the support plate with a predetermined
load and monitoring the strains with strain gages. The experiment is explained in more
detail in the TEST PROCEDURE section. The strains were calculated by means of
available analytical methods, and these theoretical strains were compared with the meas-
ured ones.

Two methods of analysis were employed: a ligament-efficiency method and a
materials-property-change method. A bracket type of analysis, based on the thickest
and the thinnest ligaments in the plate, was employed. The analysis involving the thin-
nest ligament (cases A-2 and B-2) should yield strain levels higher than those measured;




the analysis involving the thickest ligament (cases A-1 and B-1) should yield strains of
lesser magnitude. A failure to obtain calculated strain values which are both higher and
lower than the measured strains would mean that the present methods of analysis are
overly conservative, and any modification of the methods to fit the variable flexural rigid-
ity of the plate would be difficult, if not impossible.

TEST SPECIMEN

The test specimen was a 6061-T6 aluminum forging and consisted of a circular re-
actor support plate 39. 875 inches in overall diameter (fig. 1). The basic pattern of the
holes in the plate consisted of a tie-rod hole surrounded by a circular pattern of six flow
holes (fig. 2). The reactor core was suspended by tie rods which fit into the tie-rod
holes. The flow holes were of a constant diameter, 0.502 inch, and these holes pene-
trated the thickness of the plate. For 3.5 inches of the plate thickness the tie-rod holes
have diameters of 0. 625 inch, and the remainder of the tie-rod-hole penetration is oblong
(fig. 2). The plate area inscribed by a circle with a 17. 65-inch radius (figs. 1 and 3) was
almost completely perforated. The outer periphery of this area was drilled with holes in
a random pattern; hence, the flow-hole - tie-rod-hole pattern could not be regarded as
general. A bevel was cut at the top of the plate near the edge of the perforated section as
shown in figure 3.

Figure 1. - Reactor support plate.
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Figure 3. - Support plate loads and external dimensions.

TEST PROCEDURE

The loading and strain gaging of the plate was to furnish data for comparison with
analytical results. The loading fixture consisted, as shown in figure 4, of a cylinder with
a stay plate welded near the bottom. The support plate rested on the rounded edges of the
cylinder top, and the reactor support plate was loaded by elongating seven centrally lo-
cated bolts to a predetermined strain level. The bolts were strain gaged at 120° incre-
ments around the circumference at the same elevation, so that the effect of any direct
load could be isolated from the bending effects. A load of a predetermined amount was
generated by tightening the bolts to the desired strain level.
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Figure 5. - Schematic view of strain-gage radial and

Figure 4. - Test fixture and support plate, tangential orientation.

The strain gages were placed at the top and the bottom of the support plate directly
across the thickness from each other. The general pattern of the strain gages can be
seen in figure 5; only those holes which are necessary to describe the tangential and radi-
al patterns are shown. The first analytical check against gage readings was for tangential
and radial strains. Figure 5 shows that the gages in rows A, C, D, E, F, and G were
located so these strains could be read directly. The strain gages in row B were placed
in a pattern which would give an indication of strain within a particular hole pattern.
Gages were also placed on ligaments which were neither tangentially nor radially ori-
ented; these gages were intended to measure the vector effects from both directions.
Several rows of gages which would seemingly duplicate readings were used (rows A, B,
D, and E, fig. 5), since it was assumed that the plate might not be axisymmetrical and
a cross-checking of readings would be desirable.

Before the load was applied to the support plate, the reading of each gage was re-
corded. The support plate was then loaded, and gage readings were again recorded. A
final set of strain-gage readings was taken immediately after the applied load was re-
leased. This procedure was followed for every test run. For each test run, the total
load applied to the support plate was 30 246 pounds, and readings were recorded for only
this magnitude of load. The experimental data are presented in table I.
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TABLE 1. - EXPERIMENTAL AND ANALYTICAL STRAINS

SakEsa—

(a) Tangential strains

Position Experimental data Calculated strain, pin./in.
Gage | Radius, | Readings, Friction free Friction locked
in. pin, /in,
Case A-1 |Case A-2 |Case B-1 |Case B-2 [Case A-1 [Case A-2 |Case B-1 |Case B-2
(thick- (thin- (thick- (thin- (thick- (thin- (thick- (thin-
ligament, | ligament, | ligament, | ligament, | ligament, | ligament, | ligament, | ligament,
property-| property-| ligament- | ligament-| property-| property-| ligament- | ligament-
change change |efficiency |efficiency| change change |efficiency |efficiency
method) | method) | method) | method) method) | method) | method) | method)
Top A12 1 13,38 -145 -210 -278 -204 -261 -209 -276 -203 -268
A9 9.50 -214 -278 -372 -268 -347 277 -371 -268 -354
A3l 4.19 -408 -431 -584 -412 -537 -430 -582 -412 -544
D4 14.25 -129 -197 -260 -192 -245 -196 -259 -191 -252
D3 11.75 -176 -236 -314 -228 -294 -235 -313 -228 -301
D2 8.00 -264 -312 -419 -300 -389 =311 -418 -300 -396
D1 4,25 -404 -428 -580 -410 -534 -4217 -579 -410 -541
Bottom | A12 | 13.38 139 206 271 201 257 203 266 198 258
A9 9.50 210 275 366 266 342 271 361 262 343
A3 4.19 394 4217 577 410 532 424 572 406 534
D4 14,25 917 193 254 189 241 190 249 185 242
D3 11.75 152 232 307 226 289 229 303 222 291
D2 8.00 245 308 413 298 384 305 408 294 386
D1 4.25 390 424 574 407 530 421 569 404 531
(b) Radial strains
Top G111 16.50 -40 36 63 28 46 37 64 29 39
G9 13.88 -91 .13 13 -6.0 .92 .18 14 -5.0 -6.1
G8 11,25 -162 -44 -48 -47 -54 -43 -47 -47 -62
G7 9.88 -171 -72 -86 -74 -89 -71 -85 -73 -96
G6 8.62 =211 -101 -127 -101 -125 -100 -126 -100 -132
G5 7.25 -260 -139 -179 -137 -172 -138 -178 -136 -179
G4 6.00 -309 -181 -283 -177 -225 -180 -236 -176 -232
C5 15.25 -73 20 40 13 25 20 41 14 18
C4 12.50 -125 -22 -17 -26 =27 -21 -16 -26 -34
C3 9.88 -171 -72 -86 -74 -89 -1 -85 =73 -96
c2 7.25 -258 -139 -179 -137 -172 -138 -180 -136 -179
C1 3.25 -384 -331 -445 -318 -412 -330 -444 -318 -419
Bottom | G11 | 16.50 84 -38 -70 -31 -50 -43 -74 -35 ~49
G9 13.88 82 -2.0 -20 3.0 -5.3 -6.8 -24 -.8 -3.8
G8 11.25 160 42 42 45 50 37 37 41 51
G7 9.88 174 70 80 71 84 65 75 67 86
G6 8.62 214 99 120 98 121 94 116 95 122
G5 7.25 271 137 173 134 168 132 168 130 169
G4 6.00 276 179 232 174 221 174 226 170 221
C5 15.25 72 -22 -47 -15 -30 -26 -51 -19 -28
C4 12.50 111 20 11 24 22 15 6.3 19 24
C3 9.88 159 70 80 71 84 65 75 67 86
Cc2 7.25 -—--- 137 173 134 168 132 168 130 169
C1 3.25 _—— 329 439 316 408 324 434 312 409




INSTRUMENTATION

The strain gages used in the test were foil-type units with a gage factor of 2. 00, a
resistance of 120 + 0.2 ohms, a width of 0. 067 inch, and a length of 0. 062 inch. The
thermal expansion characteristic of the strain gages was matched to that of the plate.

For the 6061-T6 aluminum support plate material, the thermal compensation of the gage
was 12 parts per million per degree Fahrenheit. The recommended allowable strain for
the gages is 2 percent of its length, and this value was never exceeded during the test.
A total of 158 gages were used, and, in general, the gages were positioned with the gage
length parallel to the length of the ligament.

The strain gages were bonded to the plate with cyanoacrylate cement and were mois-
tureproofed with nitrile rubber emulsion. The cyanoacrylate cement used was cause for
concern during the test, since time stability could be a problem, and approximately
2 months had passed between the application of the gages and the actual test. The repeat-
ability of the gage readings showed that the time stability limit of the cement had not been
exceeded. The polymerized cyanoacrylate cement used is limited to elongations of the
order of 2 to 3 percent at room temperatures. This limitation was never exceeded in the
test; hence, brittle cracking was not a problem.

The lead wire used for the strain-gage installations was 30-gage wire (0.012-in.
diam) with a twisted and braided wire shield and a resistance of 1 ohm per 10 feet of
length. The gage leads used for the test were 10 feet long. The strain gages were iso-
lated from ground by at least 35 meg-
ohms, and the system used a single,
heavy point ground, carried through-
out by the shield of the wires.

The indicating instrument was a
Baldwin-Lima-Hamilton strain-gage
indicator model 120. Each pair of
strain-gage signals was transferred
with high-quality, extremely low-
resistance thermocouple-type switches
(fig. 6).

A criterion for establishing the
reliability of the readings was that
the reading of each gage after the
load was released had to be equal to
within +£10 microinches per inch of

the initial unloaded reading. Many
Figure 6. - Front view of switching panel. readings were eliminated from the
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valid data by this criterion.

STRESS ANALYSIS

The analyses herein described use the concept of a solid equivalent plate. This con-
cept is based on the premise that a perforated plate can be analyzed by classical methods
which are utilized to evaluate solid plates if certain adjustments are made to its rigidity
or its material properties. Two widely accepted methods of analysis were used. In one
method, the flexural rigidity of a solid plate with the same dimensions as those of the
perforated plate is reduced by use of a ligament-efficiency factor which accounts for the
holes. The cases reported herein which employ this method of analysis are designated
B-1 and B-2, Case B-1 is concerned with the thickest ligament, and case B-2 deals with
the thinnest ligament (fig. 7). In the other method of analysis, the solid equivalent plate
has the same dimensions as the perforated plate, but the true modulus of elasticity and
Poisson's ratio are replaced by fictitious values. The cases dealing with this method of
analysis are designated A-1 and A-2. Case A-1 is concerned with the thickest ligament,
and case A-2 deals with the thinnest ligament.

In the field of perforated plate design, major contributions have been made by the
following authors: Horvay (ref. 1), Gardner (ref. 2), Miller (ref. 3), Duncan (ref. 4),
Sampson (ref. 5), and Leven (ref. 6). Practically all their work, however, has been
restricted to plates with holes of equal diameter arranged in an equilateral triangular
system. Methods for analyzing single oversize or misdrilled holes, which are located

among those of equal diameter and with the equilateral triangular

2h pattern, are available in a paper by O'Donnell and Langer (ref. 7).

Two general conditions, relating to the loads generated at the plate

ﬁ % support, were analyzed: (1) The plate is simply supported and the
Ry

frictional effects between the support cylinder and plate are negligible
(friction-free condition), and (2) the plate and the support cylinder
(@) Flow hole to flow hole. move radially together because of friction effects (Iriction-locked

condition).

2n, In the evaluation, the plate was assumed to be cut into two compo-
nents, as shown in figure 8(a). The components were evaluated in-
dividually for slope and radial displacement at their common junc-
tures in terms of the known external loads and unknown internal

R,

forces at the juncture as shown in figure 8. The algebraic statement

that the slope and the radial displacement at common junctures must
(b} Flow hole to bolt hole. be the same leads to a matrix, and the solution of the matrix yields
Figure 7. - Ligaments. values for the statically indeterminate loads. The substitution of
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these values into previously derived strain equations yields values for comparison against
measured strains.

Practically all the basic terms used in the matrix equations and for the strain evalu-
ation are available from the literature. To determine the feasibility of present methods
of analysis, a bracket type of analysis was used. The bracket analysis consists of two
parts: The first part involves only the thinner ligaments (cases A-2 and B-2), while the
second part involves only the thicker ligaments (cases A-1 and B-1). Cases A-2 and B-2
should yield strain levels higher than those measured, while cases A-1 and B-1 should

L 9



The failure of the analytical strain curves to bracket the measured strains would
cast doubt on the methods of analysis, since any adjustment of rigidity to account for the
different size holes would cause strain levels to fall between these two extremes. The
symbols used throughout the analysis are presented in appendix A, and the complete ana-
rtical solution for the plate is in appendix B.

yield values lower than actuality.

RESULTS

The gages, which were placed inside holes of the plate, failed to return to zero when
the load was removed from the plate; hence, any valid experimental verification of the
stress intensification factor used in the analysis was eliminated. The comparative strain
levels presented herein are based on a stress-intensification factor of 1. A stress-
intensification factor of 1 yields calculated stress values of the smallest possible magni-
tude for the existing load condition. If a stress-intensification factor greater than 1 were
used, the calculated stresses would have been of a greater magnitude than those pre-
sented herein,

Plots of the calculated and the measured strains are presented in figure 9. For all
the plots, the abscissa is the radial distance from the center of the plate, and the ordi-
nate is the corresponding strain at the various radial locations. Five curves are pre-
sented on each graph: (1) the experimental data, (2) the materials-property-change
method based on the thickest ligament (case A-1), (3) the materials-property-change
method based on the thinnest ligament (case A-2), (4) the ligament-efficiency method
based on the thickest ligament (case B-1), and (5) the ligament-efficiency method based
on the thinnest ligament (case B-2). Figures 9(a) to (d) are for the friction-free condi-
tion, and figures 9(e) to (h) are for the friction-locked condition.

In the plotting of figure 9, only the strains pertinent to ligaments between flow holes
were considered. A row of radial gage readings, if plotted in their entirety, would indi-
cate a substantial amount of scatter. This scatter is easily explained, since the strain
levels for the thin ligaments should be higher than those for the thicker ligaments.
Strain-gage readings which did not return to 0 when the plate was unloaded were elimi-
nated from the plotted data.

The comparison of the strains obtained by analysis with those obtained from measure-
ments, as shown in figure 9, produced the following facts:

(1) Regardless of the ligament or the condition assumed for the plate, the analytical
strains were always higher in the tangential and lower in the radial directions than those
measured,

(2) The older ligament-efficiency method of analysis yielded strain levels, in most

10 U
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cases, nearer to those measured than did the material-property-change method. For the
friction-free condition and at a radial distance of 5 inches, the ligament-efficiency
method (case B-2) gave strains approximately 125 microinches per inch (34 percent)
greater than the measured strains, whereas the materials-property-change method

(case A-2) gave strains approximately 175 microinches per inch (48 percent) greater
than the measured strains (fig. 9(a)).

(3) In general, the two methods of analysis used to calculate the analytical strains
vielded results which were of practically the same magnitude. For all the conditions re-
ported herein, the difference observed between the two methods of analysis never ex-
ceeded 10 percent, and this percentage difference existed near the plate center only
(figs. 9(c) and (d)).

(4) The analysis indicated that there should be a sign change in radial strain near
the edge of the perforated portion of the plate. At a radial distance of approximately
13 inches and for all four analytical conditions (cases A-1, A-2, B-1, and B-2), the
radial strain exhibited a sign change, but this sign change was not indicated by the ex-
perimental data (figs. 9(g) and (h)).

(5) The analytical strains near the plate center were closer to those measured than
the analytical strains near the plate edge. As shown in figure 9(e) for case B-1, the
measured strain was equal to the calculated strain at a radial distance of 4 inches,
whereas the calculated strain was 44 percent greater than the measured strain at a radial
distance of 14 inches. Similar results are shown in figures 9(a) and (b).

(6) In general, the analytical strain curves had the same shape as the measured
strain curves.

(7) The plate exhibited only small indications of asymmetry (fig. 9).

(8) The frictional effect induced by the action of the radial loading from the support
plate on the cylinder was of negligible significance. The analytical results of the
friction-free condition gave values which differed from the results of the friction-locked
condition by approximately +2 percent,

CONCLUSIONS

A comparative study was made of results obtained by analytical and experimental
stress analysis for a circular perforated plate. Because the ligament-efficiency method
of analysis yielded strain values which are closer to those measured than the material-
property-change method did, and the difference between the results of the two methods
of analysis is relatively small, the older and simpler efficiency method should be used in
plate design until more advanced analytical methods are developed.

—— 13
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Notwithstanding further development work, the following conclusions were drawn:
1. The present methods of analysis are adequate for predicting stress levels near
the plate center, but any analysis which involves constraints around the outer periphery
of the plate will be erroneous.
2. There is little advantage to be gained in the use of the more cumbersome
material-property-change type of analysis, for the oider and
- method is apparently more applicable,

n

impler ligament-efficiency

3. The deviation of the calculated strains from the measured strains, together with
the failure of the radial measured strain to change sign near the plate edge, tends to
cast doubt on the accuracy of analyses which assume that a perforated plate can be cal-
culated as an equivalent sclid plate, The failure to bracket the actual strains analytically
by assuming (1) that the plate consisted completely of the stiffer ligaments, and (2) that it
consisted completely of the more flexible ligaments, indicates that any variable stiffness
used between these two extremes would be invalid. The failure of the measured strains
to reverse sign indicates that the plate is not in a complete biaxial stress field, as the
equivalent solid plate type of analysis would indicate. Thus, improved methods of anal-
ysis are needed if accuracy is of significant importance in the design.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, August 15, 1966,
122-29-04-10-22.
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APPENDIX A
SYMBOLS
area, sq in, p
radius of plate support, in.
(fig. 3) P
radius of perforated section of
plate, in. (fig. 3) P,
axial length between deflection
surfaces of components 1 and R
2, in,
radius of support ring, in, Rl

Et3/12(1 - %), Ib-in.

radial distance to load bolts, in.

diameter of flow hole, in.

diameter of bolt hole at plate
bottom, in,

average diameter of two holes
bounding ligament, in.

modulus of elasticity, psi

one-half of any ligament width,
in,

one-half of ligament width be-

tween flow holes, in,

one-half of ligament width be-
tween flow hole and bolt hole,
in,

efficiency factor, (2R - d3) /2R

foundation modulus of support
cylinder, 1b/in.

moment, in.-1b/in.

load generated by six bolts on
plate, 1b

load generated by center bolt on
plate, 1b

pressure load on subring 2B,
psi (fig. 10)

one-half distance between holes,
in,

one-half distance between flow

holes, in.

one-half distance between bolt
hole and flow hole, in.

radial distance, in.

thickness, in.

support ring thickness, in.
(fig. 3)

stress intensification factor

radial displacement of compo-
nent 1 at its juncture with com-
ponent 2, in,

radial displacement of compo-~
nent 2 at its juncture with com-
ponent 1, in,

radial displacement of compo-
nent 2 at its juncture with com-
ponent 3, in,

radial displacement of compo-
nent 3 at its juncture with com-
ponent 2, in,
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strain, in./in. w deflection, in.
slope, rad Subscripts:
slope of component 1 at its junc- r radial
ture with comnonent 2, rad , PP
4 L Ltangenias

slope of component 2 at its junc- 1.92.3
» &

ture with component 1, rad

components 1, 2, 3

Superscripts:

Ysa - Vz)/\/a_t, in, "1 b
sson's ratio t

4
Poisson's r

stress, psi *

bottom of plate
top of plate

equivalent value




APPENDIX B

CALCULATED STRAIN LEVELS

The general solution of the plate problem proceeds as follows:

(1) Assume that the plate is cut into two components, a ring and a plate, as shown in
figure 8 (p. 9).

(2) Find an expression for the change in radial displacement and in slope for each
component at its common juncture with other components in terms of the known and the
unknown loads. (In the case of the friction-locked condition, the radial motion of the
cylinder is considered as well.)

(3) Write algebraic equations which express the fact that the slope and the displace-
ment at common junctures between components must be equal.

(4) Solve the equations simultaneously to find the magnitude of the previously unknown
loads at the common junctures.

(5) Use the previously unknown loads with the originally known loads to find the strain
at various radii.

Two possible conditions exist for the effect of the cylindrical support on the plate:

(1) There is a complete lack of friction between the support and the plate (friction free),
or (2) the plate does not slide radially on the support edge of the cylinder (friction locked).
Two general methods of analysis were employed; the first method used a ligament-
efficiency factor to account for the weakening effect of drilled holes, and the second
employed material property change. The cases calculated by the efficiency-factor
method are designated B-1 and B-2, while those calculated by the material-property-
change method are designated A-1 and A-2.

A bracket method of analysis was used to determine the feasibility of modifying the
presently available methods of analysis to account for the variable hole sizes. The
bracket method is based on the premise that if the plate is assumed to have holes with
only the thinnest ligaments, the calculated strains will be of greater magnitude than those
measured, whereas the use of the thickest ligaments would yield calculated strains of
lower value than the gages indicate. The calculations for the thicker ligaments are des-
ignated cases A-1 and B-1, while those for the thinner ligaments are designated
cases A-2 and B-2.

Loads

Seven studs were used to load the plate. Six studs were located in a circular pattern
about the plate center, while one stud was located at the plate center (fig. 4, p. 5). The
studs were tightened until the direct strain on each was 1200 microinches. A test of the
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stud material yielded a modulus of elasticity of 32. 60><106. The studs were 3/8 inch in
diameter.
The bolt stress is then

o = Ee (B1)
The total load for six bolts is
P = 60A (B2)
where A is the bolt cross-sectional area or
P=6EcA=259241b (B3)

The load imposed by the center bolt is

P=P_ss3211p
6

Motion

The following equations are the general equations for compatibility of motion between
portions of the plate and the cylinder (in case of the friction-locked condition only)
(fig. 8(b), p. 9). The rotation of component 1 is equal to the rotation of component 2 at
the common juncture:

61,2 02,1 (B9

The radial motion of component 1 is equal to the radial motion of component 2 at the
common juncture:

8) 959 1 (B5)
The radial motion of component 2 is equal to the radial motion of component 3 at the
common juncture:

25,3 3,2 (B6)
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Equation (B6) is used only with the frlctlon-locked condition. The equations written in
their entirety for the friction-free condition are as follows (fig. 8(a)):

Equation (B4):

@ -p%) Pb LMot P gbb _-6(P+P)a-b) 12PM; o
% % %k E 3
4KD*b(1 + v¥ 4K(1 + vM7rD* KD*(1 + v*) KD*(1 + v¥ nEtg nS Etg InS
b b
(B7)

In the compatibility equations, the first term in equations (B7) and (B9) is obtained
by taking the derivative with respect to r of equation (f) or equation (77) of reference 8
(p. 64). The second term in equations (B7) and (B9) is obtained by taking the derivative
of equation (a) or equation (89) of reference 8 (p. 68) and then letting r = b. The third
and fourth terms in equations (B7) and (B9) are obtained from equation (b) of reference 8
(p. 68) by letting M1 9 =M and P1 2b M. The right sides of equations (B7) and (B9)
are modified versions of equation (163) of reference 9 (p. 179).

Equation (B5):

-Ph(a® - b%) | Pbb My 9P
4KrD*pb(1 + v*¥) 4KaD*(1 + v*) KD*(1 + v¥)

2 IR -P b 2 2
+ P, bb T | IS VS S (BS)
»4IKD*(1 + v*)  KE Et, \.2_2

In equations (B8) and (B10), the first three terms left of the equal sign are the first
three terms in equation (B7) multiplied by a distance to yield radial motion due to rota-
tion. The fourth term consists of two parts; the first part is rotation multiplied by dis-
tance, and the second part is from equation (209) of reference 9, where the inside radius
is assumed to be 0. The term to the right of the equal sign in equations (B8) and (B10) is
obtained from equation (208) of reference 9 (p. 241).

The compatibility equations of motion for the friction-locked condition are as fol-
lows (fig. 8(b)):

Rotation at juncture of component 1 with component 2:
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p(d2 - b9 Pb My g Py gbb

4rKD*b(1 + v¥) ) 4K(1 + v*)rD* Kd*(1 + vY KD*(1 + v

_6(P+Pa-b _ 2My 5 Py shr o
3,.¢ 3. ¢ 3. ¢
7Et; In = Et; In= Et, In =
2 b 2 b 2 b
Displacement at juncture of component 1 with component 2:
— — — — o r —
Ba?-vhp _ Fob Mo Pra| w® | bi- v ]
47KD*b(1 - v¥)  4rKD*(1 +v*) KD*1 +v* K [D*Q +v% E*t _|
-P, b/ 2 2 bP
- L2 [c +b +v) - 2,3 [02(1 +V) + a2(1 - v)] (B10)
Et 2 2
2 \¢“-b Et,(c” - b°)

Displacement at juncture of component 3 with component 2:

2P, o) P
2,3" _. 2,3 {[az(l -V) + c2(1 + v)] [az(l - V) + b2(1 + V)]}
K 2aEty(c? - b?)
2
t, |6P, qat = 12bM b“P
_2 2,3 2 _6(P + 1;)(a -b) _ 1,2|_ 1,2 [(1 - a4 (1 + V)cz] (B11)
2 c c 3,.¢ 2 .2
Et2 lng 1rEt2 lng Et2 lng Eatz(c - b%)

In the preceding equations, K = 1 (where K is an efficiency factor) if cases A-1 and A-2
are being evaluated. If cases B-1 and B-2 are being calculated, let D* =D, v* =y,
E* = E, and K is a calculated value,

The second term to the right of the equal sign in equation (B10) and the first term to
the right of the equal sign of equation (B11) are obtained by a special derivation explained
in appendix C. The last term to the right of the equal sign in equation (B11) is equa-
tion (207) of reference 9 (p. 240). The term to the left of the equal sign in equation (B11)
is obtained directly from equation (39a) of reference 10 (p. 52). The second term to the
right of the equal sign in equation (B11) is the radial motion of component 2 due to rota-
tion and is slightly modified from the basic formulas of equation (163) of reference 9
(p. 179). The simultaneous solution of equations (B7) and (B8) for the friction-free con-
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dition and equations (B9) to (B11) for the friction-locked condition yields the desired
values for the unknown discontinuity forces.

The strains at any radius desired can then be obtained by substitution into the follow-
ing equations, which are derived in appendix C.

t _ Y1 -v¥ _ =
KE*t
p a2 a2 b
+—|Tv*-31+v¥»—4+31-v¥—-T71+v¥HIn= (B13)
47 2 2 r
r b
€b=MP t-6(M -P, b
r 5 1,2 1,2 %1,2
KE*t
p & a2 b
- = (Tr*-31 +v¥H =—+3Q-v¥)—-T71+v¥n= (B14)
47 2 2 r
r b
et - YA -vy Py 5t +6(M; 5- Py 26)
*tZ ) ’ ’
KE
2 2
s 2 la e Lot evymPisa - Lol @15
47 2 r 2
r b
- Xd-vY) Py ot - 6(M; 5 - P, 5b)
2 ) 9 )
KE*t
2 2
I Y R S Yo LA Yo Y (B16)
4 r2 r b2

The same restrictions for the use of D*, v*, E* and K apply in these equations as for
equations (B7) to (B11).

The substitution of values into equations (B13) to (B16) yields the radial and the tan-
gential strains for direct comparison with those measured by the strain gages.

The equivalent elastic properties for use with cases A-1 and A-2 are found through
the use of figure 5 of reference 7. For cases A-1 and A-2, h/R is determined and
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E*/E and v* are obtained from reference 7. Since figure 5 in reference 7 is for steel,
the value of v* obtained from this figure is multiplied by the ratio of Poisson's ratio for
aluminum to that for steel to obtain the desired value of v¥*,

The ligament-efficiency method is defined in reference 3 (p. 319). This efficiency

P Y P

factor is modified for use with either case B-1 or B-2 as follows:

2R - d3
K=——° (B17)

2R
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APPENDIX C

DERIVATION OF INFLUENCE FACTORS AND STRAIN EQUATIONS

The first term in equation (B11) on the right side of the equal sign and the last term
in equation (B10) are obtained in the following manner: If ring 2 in figure 10 is assumed

to be cut by a circumferential plane at
8

——7/ radius a as shown, then the entire load
P2, g can be originally placed on sub-

/ Ring 2 ring 2A. A radial gap will then open at
radius a between subrings 2A and 2B. In

— P3

order to close this gap, a restoring pres-
sure PX must then exist between sub-
rings 2A and 2B, The pressure load on
(Py Jt2)- Py subring 2A is then (PZ, 3/tz) - P, while

P
Sub- :::.i Subring 24 on subring 2B the pressure load is approx-
fz'gg ;: 3 - - j" P12 imately Px; both pressure loads are lo-

- L2 cated at radius a.
e l-— a l'— b The algebraic statement that the radial

Figure 10. - Partitioning of support ring for determination of influence motion at radius a between the subrings
factors. . .
must be equal furnishes an equation for
determining P.. This equation is

P
_a_22_§ PX
-aP t
Xfa“+c 2 b” +a” _ (C1)
E c2-a2 E a'2_b2

Both equations are in reference 9 (p. 241). The term on the left side is equa-~
tion (208), while that on the right side is equation (209). Equation (C1) yields a numeri-
cal value for the unknown pressure Px.

o - P2, 3 [(b2 + az) - V(a2 - bz)] (c2 - az) ©2)
* 2212t2(c2 - bz)

The substitution of equation (C2) into the left side of equation (C1) yields the displace-
ment of ring 2 at radius a, which is the first term to the right of the equal sign in equa-
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tion (B11). The substitution of equation (C2) into equation (207) of reference 9 (p. 240)
yields the displacement of ring 2 at radius b, which is the last term in equation (B10).
The derivation for the basic strain equations is as follows:

From two-dimensional Hooke's law,
- v*ot) (C3)
€ =— (0p - v¥o,) (C9)

The stress in the plate in the radial and the tangential directions can be described by the
following equation:

P _
ot= L3 L2,80m ,-p 50)-22 |1+ v
K t 2 ’ ’ 2 r
t 2nt
a2 @ | 3p b
+ (1 -v¥—-(1-v¥) —|-"—(1+v¥In- (C5)
2r2 2d2| 2nt? r
P _
O'b:: X __]'.LZ_E(M -P b)+__..3_I)_ (1+V*)1n.t_)
r K t 2 1,2 1,2 9
t 2nt r
& | 3p b
+ Q- —-@1-v—|+—=—— 1 +v¥In- (C6)
212 92| ant? r
P —
t-X _1.2.3+£(M -P b)-ﬂp— (1-1/*)+(1+v*)1nE
t 1,2-P1,2
K t t2 21”:2 r

, _
RN S R ol 1 El s A2+ (1 - v*ﬂ (€
2r ob2| 2nt r
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| 2 —
o:) =X ._12_2-£(Ml 9~ Py 2b)+_3l T-v¥+Q1+ u*)lnE
Kl & 77 7% on? r

2 2 )
R B R A e
2r2 202| 27t2 r

With P = P/6, the substitution of equations (C5) and (C7) into equations (C3) and (C9),
and the substitution of equations (C6) and (C8) into equations (C3) and (C4), the basic
strain equations (B13) to (B16) are obtained.

In equations (C5) to (C8), the terms used were obtained as follows: The terms

P12
—2 (ref. 9, p. 239, eq. (200))
t
%(M1,2 - Pl,zs) (ref. 11, p. 191, case 3)

t

2 2
3—1)2 (1+u*)1n—b+(1-v*)ii—§- a- V*)d—

27t r or 2b2

and

2 2
3P 11 - v®) s @+ v9ImP -1 9 _ -
2t r 2r2 ab?

are obtained from the general equations

6Mr\
Ly
t

and > (C9)

6M

_ t
O't——

t2J
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where
\
a2 d
M =-p¥9®, 2%
r
drz r dr
and r
2
_ . nfl dv  vdw
i MR
dr J

(ref. 8, p. 52, eqs. (52) and (53)). The w in equations (C10) is in reference 8 (p. 64,

eq. (77)) or in reference 11 (p. 191, case 3).
For the terms

o'r =£ 1+ y*)lnp.

21Tt2 r

and

0t=3—P %l+v*)1n9+(1 -v
27rt2 r

- c11)

!
Y

equations (C9) are used with M, and Mr from reference 8 (p. 68, eqs. (90) and (91))

or reference 11 (p. 191, case 2).
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